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Abstract

The adaptve TAP Gibbs free enegy for a generaldenselyconnected
probabilisticmodelwith quadraticinteractionsandarbritary single site

constraintds derived. We shov how a specificsequentiaminimization

of thefreeenegy leadsto ageneralizatiorof Minka’'s expectatiorpropa-

gation.Lastly, we derive asparsaepresentatiomersionof thesequential
algorithm. The usefulnes®f theapproactis demonstratedn classifica-
tion anddensityestimationwith Gaussiamprocesseandon anindepen-
dentcomponentnalysisproblem.

1 Intr oduction

Thereis anincreasingnteresin methodgor approximatenferencen probabilistic(graph-
ical) models.Suchapproximationsnayusuallybegroupedn threeclassesin thefirst case
we approximateself-consistency relations for mamginal probabilitiesby a setof nonlinear
equations.Meanfield (MF) approximationsandtheir advancedextensionsbelongto this

group. However, it is not clearin general how to solve theseequationsefficiently. This

latter problemis of centralconcernto the secondclass,the Message passing algorithms,

like Bayesianonline approachesfor referencesseee.g.[1]) andbelief propagationBP)

whichdynamicallyupdateapproximationso conditionalprobabilities.Finally, approxima-
tionsbasedon Free Energies allow usto derive marginalmomentsy minimising entropic
lossmeasuresThis methodintroducesew possibilitiesfor algorithmsandalsogivesap-

proximationsfor the log-likelihoodof obsereddata. The variational method is the most
prominentmemberof this group.

Onecangainimportantinsightinto anapproximationwhenit canbe derivedby different
approachesRecentlythefixedpointsof theBP algorithmwereidentifiedasthestablemin-
imaof the Bethe FreeEnegy, aninsightwhichledto improvedapproximatiorscheme§?].

While BPis goodandefficient on sparsdree-like structurespnemaylook for anapproxi-



mationthatworkswell in the oppositelimit of denselyconnectedyraphswhereindividual
dependencieare weakbut their overall effect cannotbe neglected. A interestingcandi-
dateis theadaptive TAP (ADATAP) approachintroducedn [3] asasetof self-consisteng
relations. Recently a messag@assingalgorithmof Minka (termedexpectation propaga-
tion) [1] wasfoundto solve the ADATAP equationsfficiently for modelswith Gaussian
Proces4¢GP) priors.

The goal of this paperis three-fold. We will adda further derivation of ADATAP using
anapproximatdree enegy. A sequentiablgorithmfor minimisingthe free enegy gener
alisesMinka’s result. Finally, we discusshow a sparsaepresentationf ADATAP canbe
achievedfor GP models,therebyextendingprevious sparseon-line approximationgo the
batchcas€4].

Wewill specializeo probabilisticmodelson undirectedyraphswith nodes; thatareof the
type

S
P,(8) = % exp lz SiJiij] )
1<j

The set of J;;'s encodesthe dependenciesbetweenthe random variables S =

(S1,...,Sn), whereasthe factorisingterm p(S) = []; p;(S;) (calledlikelihood in the
following) usually encodesobsened dataat sitess and also incorporatesall local con-
straintsof the S; (therange,discretenesstc). Hence, dependingon theseconstraints S;

maybediscreteor continuous.Eq. (1) is a sufiiciently rich andinterestingclassof models
containingBoltzmannmachinesmodelswith Gaussiamprocesgriors[3], probabilisticin-

dependentomponenainalysig5] aswell asBayesbeliefnetworksandprobabilisticneural
networks (whenthe spaceof variabless augmentedby auxiliary integrationvariables).

2 ADATAP approachfrom Gibbs FreeEnergy

We usethe minimization of an approximationto a Gibbs Free Energy G in orderto re-
derive the ADATAP approximation.

The GibbsFreeEnegy providesa methodfor computingmaiginal momentsof P aswell
asof —1n Z within the sameapproach. It is definedby a constrainedelative entrogy
minimizationwhichis, for the presenproblemdefinedas

G,(m,M) = mqi)n {KL(Q,PP) | (S)g = m, (Sz)Q = M} —InZ, (2)

wherethe braclets denoteexpectationswith respectto the distribution @ and (S?)¢, is
shorthandor a vectorwith elements(S?)¢. Finally, KL(Q, P,) = [dS Q(S)In %.
Sinceat the total minimum of G (with respecto its arguments)the minimizerin (2) is
just@ = P,, we concludethat min, pm G(m, M) = —1In Z andthe desiredmarginal
momentsof P are((S), (S?)) = argmin,y, \; G(m).

We will searchfor anapproximatiorto G, whichis basedon splitting G, = Gg + AG,,
whereGP is the Gibbs free enegy for a factorisingmodel that is obtainedfrom (1) by
settingall J;; = 0. Previousattemptg6, 7] werebasedon atruncationof the power series
expansionof AG, with respectio the J;; at secondorder While this truncationleadsto
the correct TAP equationgfor the large N limit of the so-calledSK-modelin statistical
physics,its generalsignificances unclear In fact, it will not be exact for a simple model
with Gaussian likelihood. To make our approximationexact for sucha case,we define
(generalizingan idea of [8]) for an arbitrary Gaussian likelihood p!, AGY(m,M) =
G ps (m, M) —-GY, (m, M). Themainreasorfor thisdefinitionis thefactthat AG? (m, M)
is independent of the actualGaussiarlikelihood p¢ chosento computeG,! This result



dependscrucially on the momentconstraintsin (2). Changesn a Gaussianikelihood

canalwaysbe absorbedwithin the Lagrange-multipliergor the constraints.We usethis

universal form AGY to definethe ADATAP approximatiorasG7 4 = GY + AG¢, which

by constructionis exactfor any Gaussiarik elihood p. Introducmgapproprlatd_agrange
multipliers+y andX, we get

AGI(m, M) = max {—ln Z9(v,A) + mTy — %MT)\} - %Zln (M; —m?) (3)

Ay
with Zg(w, = fds exp [2 (1iSi = 2X:SD) + Yo, siJi,-sj]. Finally, setting
Z2(72,XY) = [dSpi(S) exp[r?S — $A95?], we have
1
— 0 T 0
GO_)I\%’a;(o{ ;an YA + mT40 — 2M)\}. 4)

3 SequentialAlgorithm

The expressionof GTAP in termsof moments(m, M) and Lagrangeparametersy, A

and~°, X’ suggeststhat we may find local minima of GTAP by iteratively alternating
betweerupdatef momentsandLagrangemulnpllers Of spemalmtereshs thefollowing
sequentiallgorithm, which is a generalizatiorof Minka’s EP [1] for Gaussiamprocess
classificatiorto anarbritarymodelof thetypeeq.(1).

We choosea site ; anddefinethe updatesby usingthe saddlepointsof G, with respect
to the momentsand Lagrangemultipliersin the following sequentiabrder(whereA is a
diagonalmatrix with elements\;):

8%.,,\1.(},, =0 = m; = Z [(A — J)_l]ij i & M;— mf = [(Al— J)_l]ii
Omi ;G =0 = 'y? =y — Mm’m & Ni=-\- e

O 20G, =0 = =0, 0 In Z? & M;:= —26/\0 In Z?
Bmi,MiGp =0 = ’Y = —’yz % & M\ = —/\? Miim? .

Thealgorithmproceedghenby choosinga new site. The computationof (A — J)~! can
be performedefficiently usingthe Sherman-Wodtury formulabecausenly one element
A; is changedn eachupdate.

3.1 Cavity interpretation

At thefixedpoint, we maytake P;(S) = "’(S) exp[y?S — $19.5%] asthe ADATAP approx-

imation to the true maminal distribution of S; [3]. Thesequentiabpproachmay thusbe
consideredsa belief propagatioralgorithmfor ADATAP.

Although P; is usuallynot Gaussianye canalsoderive themomentam andM from the
Gaussiardistribution correspondingo Z9. This auxiliary Gaussiarmodel P?(S) hasa
likelihoodp! (S) o exp[—3X;S? + ;5] andprovidesus alsowith anadditionalapproxi-
mationto the matrix of covariancesvsia y = (A — J)~1. Thisis usefulwhenthe coupling
matrix J mustbe adaptedo a setof obsenationsby maximumlik elihoodlIl. We will give
anexampleof this for independentomponenanalysisbelow.

It is importantto understanahe role of 4% and A° within the “cavity” approachto the
TAP equations.Defining h; = 3=, J;;S;, it is easyto shaw thaty) = (h;)\; and A} =
(h2)\i — (hz-)%i wherethe bracletsdenoteanexpectatiorwith respecto thedistribution of



all remainingvariablesP?(S\S;) o< [[; ;. p3(S;) exp[d_j<12; Tk SkSi] whennodei is

deletedrom thegraph.This statisticsof h; correspondo theempty’cavity” atsitei. The

maiginal distribution P;(S) ascomputedoy ADATAP is equivalentto the approximation
thatthe cavity distributionis Gaussian.

4 Examples

4.1 Modelswith GaussianProces<Priors

For this classof models,we assumehatthe graphis embeddedn R, wherethe vector
S is the restrictionof a Gaussiarprocesgrandomfield) ¢(x) with x € R?, to a setof
traininginputsvia S; = ¢(x;). P,(S) is theposteriordistribution correspondingo alocal
likelihoodmodel,whenwe setJ = —K~! andthe matrix K is obtainedfrom a positive
definitecovariancekernelask;; = Ko(x;,x;). Thediagonaklement kX —1');; isincluded
in thelikelihoodterm.

Our ADATAP approximationcan be extendedfrom the finite setof inputsto the entire
spaceR” by extendingthe auxiliary Gaussiardistribution P¢ with its likelihoodsp? (S)
to a Gaussiarprocessvith mean(¢(x)) andposteriorcovariancekernel K,(x, x’) which
approximateshe posteriorprocessA calculationsimilar to [4] leadsto therepresentation

@x) = > Ko(x,%;)7 (5)
J
K,(x,x') = Ko(x,x')+ZK0(x,xj)Xij0(xk,x') (6)
ok

Algorithms for the updateof ~’s and x’s will usuallysuffer from time consumingmatrix
multiplicationswhen NV is large. This commonproblemfor GP modelscanbe overcome
by a sparsity approximationwhich extendsprevious on-line approache$4] to the batch
ADATAP approachTheideais to replacethecurrentversionP? of theapproximatesaus-
sianwith a further approximationP¢ for which boththe the correspondingy; aswell as
X;jr arenonzeroonly, whenthe nodesj andk belongto a smallersubsef nodescalled
"basisvectors”(BV) of sizen [4]. For fixedBV set,the parametersf P aredetermined
by minimizing the relative entropy K L(P9, P9). Thisyields4 = wv andA = wA=T
with then x N projectionmatrix © = Kg%,KJF. HereK is the kernelmatrix between
BVs andandK™ the kernelmatrix betweerBVs andall nodes.The new distribution P9
canbewrittenin theform (1) with alikelihoodthatcontainsonly BVs

P(87Y) = exp[3 o (r TSP )s = 5 3 A{(aTSPV)N @)

Eq. (7) canbe usedto computethe sparseapproximatiorwithin the sequentiahlgorithm.
We will only give a brief discussiorhere. In orderto recomputehe appropriat€'cavity”
parameters? and\? whenanew nodeis choserby thealgorithm,oneremovesa”pseudo-
variable” (rTS gy ); from the likelihood and recomputeshe statisticsof the remaining
ones. Wheni is in the BV set, thensimply (#7SPV); = SBV and the computation
reducego the previousone.We will demonstrat¢he significanceof this approacHor two
examples.

4.2 IndependentComponentAnalysis

We considera measureaignal X; which is assumedo be aninstantaneoubnear mixing
of sourcesS corruptedwith additive white GaussiamoiseI" thatis,

X; = AS; + Ty, 8



where A is a (time independentmixing matrix and the noise vectoris assumedo be
withouttemporalcorrelationshaving time independentovariancematrix 3. Wethushave
thefollowing likelihoodfor parametergndsourcesttime ¢

P(X,|A, 2, 8;) = (det 27X%) 2 ¢ 3(Xe-AS)TETI (X, -AS) ©)

andfor all times P(X|A,X,S) = [], P(X¢|A,X,S;). Theaim of independentom-
ponentanalysisis to recover the unknovn quantities: the sourcesS, the mixing matrix
A andthe noisecaovarianceX from the obsened datausingthe assumptiorof statistical
independencef the sourcesP(S;) = [], P(Si). Following [5], we estimatethe mix-
ing matrix A and the noise covarianceX, by an MLIl procedurej.e. by maximizing
theLikelihood P(X|A, X) = [ dSP(X]|A, X, S) P(S). Thecorrespondingstimatesire

Anir = 3, X (S)T (2, (S¢SE)) T andSwmen = 4 (X — AS)(X — AS)?). These
estimatesequireaveragesvertheposteriof S whichhasagainthestructureof themodel
eg.(1). They canbe obtainedefficiently usingour sequentiabelief propagatioralgorithm
in aniterative EM fashion wherethe E-stepamountgo estimating(S;) and(S;S;) with
fixed A andX andthe M-stepconsistof updatingA andX.

5 Simulations

5.1 Classificationwith GPs

This problemhasbeenstudiedbefore[9, 4] using a sequential sparsealgorithm, based
on a single sweepthroughthe dataonly. Within the ADATAP approachwe are ableto
performmultiple sweepsn orderto achiese a self-consistensolution. The outputsarebi-
naryy € {—1,1} andthelikelihoodis basedon the probitmodel P(y|¢(x)) = Erf (u) =

\/#2—# [ dtexp [—g] . Whereu = y¢(x)/oo ando, measureshe noiselevel. The pre-

dictive distribution for a new testinput z is Erf(y(¢(z)): /o) with 02 = 03 + K;(z, ),

which is easily rewritten in terms of the parametersy’s and x’s accordingto egs.(5).

We usedthe USPSdataseét of gray-scalehandwrittendigit imagesof size16 x 16 with

7291 training patternsand 2007 testpatterns. For the kernelwe choosethe RBF kernel
Ko(z,7') = ak exp(—||z — 2'||* / (mo%)) wherem is thedimensionof theinputs(256 in

thiscase)andax ando i areparametersin thesimulationswve used7000 randontraining
examples.We performedsimulationsfor differentsizesof the BV setandcomparednul-

tiple iterationswith a singlesweepthroughthe datasetTheresultsaredisplayedn Fig. 1.

Thelines shav the averageresultsof 5 runswherethetaskwasto classifythe digits into

fours/non-fours.Our resultsshow that,in contrastto the online learning,the fluctuations
causedy theorderof presentatiomrediminished(markedwith barson thefigure).

5.2 Density estimationwith GPs

Bayesiamon-parametrienodelsfor densityestimationcanbedefined[10] by parametris-

ing densitiegp asp(z|¢) = “ﬁ% andusinga Gaussiarprocessrior over the space
of functions¢. ObservingN datapointsD = zi,...,xy, We canexpressthe predictive

distribution (again,E denoteghe expectationoverthe GP prior) as

N

p(z|D) = %E |:p($|¢)Hp(x1|¢):| _ % /0°° daliN E |:¢2($)H¢2(;51) o1 J 9% (@)da

x /0 “aziE [¢2(x) H¢2(xi):| .

Availablefrom ht t p: / / www. ker nel - machi nes. or g/ dat a/
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Figure 1: Resultsfor classificationfor differentBV sizes(x-axis) and multiple sweeps
throughthe data.

Figure2: TheGPestimationcontinuoudine) of a mixture of Gaussiangdottedline) using
10 BVs.

In the last expressionwe have introducedan expectationover a new, effective Gaussian
obtainedby multiplying the old prior andthe term e—!J ¢* ()4 and normalizingby Z;.
We assumehatfor sufiiciently large NV theintegral over! canbe performedby Laplaces
method leaving us with an approximatepredictorof the form p(z|D) o {¢?(z));, where
thebracletsdenoteposteriorexpectationfor a GP modelwith akernelthatis a solutionto
the integral equationk;(z,y) = Ko(z,y) — I [ dz Ko(z,2)K(z,y). Thelikelihoodof
thefields S; = ¢(z;) atthe obsenationpointsis p;(S) = S2e—z & )iS*  For ary fixed
1, we canapply the sparseADATAP algorithmto this problem. After corvergenceof this
innerloop,anew valueof I mustbedeterminedrom (following a LapIaceargument)% =
(¢?(z)); until globalcorvergencds achieved. To give asimplifiedtoy example we choose
a kernel Ko (z,y) which reproducestself after corvolution. Hence,the ! dependencés
scaledout andwe work with I = 1 andnormalisedat the end. We useda periodickernel
for datain [0, 1] givenby

Ko(z,y) = — cos(2mko(x — y)) + sin(2mko(z — y)) cot(n(z — y)) .

K, hasconstantouriercoeficientsupto acutoff frequeny ko (ko = 6 in oursimulations).

For the experimentwe are using artificial datafrom a mixture of two Gaussiangdotted
line in Fig. 2). We applythe sparsealgorithmwith multiple sweepghroughthe data. The
sparsityalso avoids the numericalproblemscausediy a possiblecloseto singularGram
matrix. For the experimentsthe sizeof the BV setwasnot limited a priori, anda similar
criterionasin [4] waschosenin orderto decidewhethera datapoint shouldbeincluded
in the BV setor not. As aresult,for 500 trainingdata,only 10 wereretainedn theBV set.
(continuoudine in Fig. 2).



5.3 IndependentComponentAnalysis

We have testedthe sequentiaklgorithm on an ICA problemfor local featureextraction
in handwritten digits, i.e. extractingthe differentstroke styles[5] . We assumegositive
component®f A (enforcedby Lagrangemultipliers) anda positive prior

P(Sit) = ©(Sit) exp(—Sit) (10)

As in [5] we used500 handwritten'3’s which areassumedo be generatedy 25 hidden
images. We compareda traditional parallel updatealgorithmwith the sequentiabelief
propagatioralgorithm. Both algorithmshave computationatompleity O(N?). We find
thatthe sequentiablgorithmneedsonly on average’ sweepghroughthe sitesto reachthe
desiredaccurag whereagheparallelonefails to reachthedesiredaccurag in 100sweeps
usinga someavhatlarger numberof flops. The adaptve TAP methodusingthe sequential
belief propagationapproachis also not more computationallyexpensve than the linear
responsenethodusedin [5].

6 Conclusionand Outlook

An obviousfuture directionfor the ADATAP approachs the investigationof othermini-
mizationalgorithmsasanalternatve to the EPapproactoutlinedbefore.Also anextension
of thesparseapproximatiorto othernon-GPmodelswill beinteresting.A highly important
but difficult problemis the assessmemf theaccurag of theapproximation.
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