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Abstract

The adaptive TAP Gibbs free energy for a generaldenselyconnected
probabilisticmodelwith quadraticinteractionsandarbritarysinglesite
constraintsis derived. We show how a specificsequentialminimization
of thefreeenergy leadsto ageneralizationof Minka’sexpectationpropa-
gation.Lastly, wederiveasparserepresentationversionof thesequential
algorithm.Theusefulnessof theapproachis demonstratedon classifica-
tion anddensityestimationwith Gaussianprocessesandon anindepen-
dentcomponentanalysisproblem.

1 Intr oduction

Thereis anincreasinginterestin methodsfor approximateinferencein probabilistic(graph-
ical) models.Suchapproximationsmayusuallybegroupedin threeclasses.In thefirst case
we approximateself-consistency relations for marginal probabilitiesby a setof nonlinear
equations.Meanfield (MF) approximationsandtheir advancedextensionsbelongto this
group. However, it is not clear in general,how to solve theseequationsefficiently. This
latterproblemis of centralconcernto the secondclass,the Message passing algorithms,
like Bayesianonlineapproaches(for references,seee.g.[1]) andbelief propagation(BP)
whichdynamicallyupdateapproximationsto conditionalprobabilities.Finally, approxima-
tionsbasedon Free Energies allow usto derivemarginalmomentsby minimisingentropic
lossmeasures.This methodintroducesnew possibilitiesfor algorithmsandalsogivesap-
proximationsfor the log-likelihoodof observeddata.Thevariational method is themost
prominentmemberof this group.

Onecangainimportantinsight into anapproximation,whenit canbederivedby different
approaches.Recently, thefixedpointsof theBPalgorithmwereidentifiedasthestablemin-
imaof theBethe FreeEnergy, aninsightwhichledto improvedapproximationschemes[2].
While BP is goodandefficientonsparsetree-likestructures,onemaylook for anapproxi-



mationthatworkswell in theoppositelimit of denselyconnectedgraphswhereindividual
dependenciesareweakbut their overall effect cannotbe neglected. A interestingcandi-
dateis theadaptiveTAP (ADATAP) approachintroducedin [3] asasetof self-consistency
relations.Recently, a messagepassingalgorithmof Minka (termedexpectation propaga-
tion) [1] wasfound to solve theADATAP equationsefficiently for modelswith Gaussian
Process(GP)priors.

The goal of this paperis three-fold. We will adda further derivation of ADATAP using
anapproximatefreeenergy. A sequentialalgorithmfor minimisingthefreeenergy gener-
alisesMinka’s result. Finally, we discusshow a sparserepresentationof ADATAP canbe
achievedfor GPmodels,therebyextendingprevioussparseon-lineapproximationsto the
batchcase[4].

Wewill specializeto probabilisticmodelsonundirectedgraphswith nodes
�

thatareof the
type �������	��

� ���	�� ����� ���� ������� � �!�"� � �$#% (1)

The set of �!�"� ’s encodesthe dependenciesbetween the random variables
� 
� �	&('*)+)*)+'��-, �

, whereasthe factorisingterm � ���	�.
0/ � � � � � � � (called likelihood in the
following) usually encodesobserved dataat sites

�
and also incorporatesall local con-

straintsof the � � (therange,discreteness,etc). Hence,dependingon theseconstraints,� �
maybediscreteor continuous.Eq. (1) is a sufficiently rich andinterestingclassof models
containingBoltzmannmachines,modelswith Gaussianprocesspriors[3], probabilisticin-
dependentcomponentanalysis[5] aswell asBayesbeliefnetworksandprobabilisticneural
networks(whenthespaceof variablesis augmentedby auxiliary integrationvariables).

2 ADATAP approachfr om GibbsFreeEnergy

We usethe minimizationof an approximationto a Gibbs Free Energy 1 in order to re-
derive theADATAP approximation.

TheGibbsFreeEnergy providesa methodfor computingmarginal momentsof
�

aswell
as of 24365 �

within the sameapproach. It is definedby a constrainedrelative entropy
minimizationwhich is, for thepresentproblemdefinedas1 ���87 '�9 ��
;:=< 5>@?BADC �FE ' ���G�IH�JK�ML > 
;7 ' J��MN*L > 
 9PO 2D365 � ' (2)

wherethe bracketsdenoteexpectationswith respectto the distribution
E

and
JK� N L > is

shorthandfor a vectorwith elements
J � N� L > . Finally, AQC �FE ' �	�G� )
SR=T��UEV���	� 365 >�W6XZY[B\ W6XBY .

Sinceat the total minimum of 1 (with respectto its arguments)the minimizer in (2) is
just

E]
^� �
, we concludethat

:_< 5a`cb de1 �F7 'f9 �.
 2g365 �
and the desiredmarginal

momentsof
�

are
� J��	L ' J�� N Lf�h
;iBjfk!:=< 5 `cb d 1 �F7U�

.

We will searchfor anapproximationto 1 �
which is basedon splitting 1 �l
 1nm�Ioqp 1 �

,
where 1nm is the Gibbs free energy for a factorisingmodel that is obtainedfrom (1) by
settingall � �"� 
;r

. Previousattempts[6, 7] werebasedona truncationof thepowerseries
expansionof

p 1 �
with respectto the �!�s� at secondorder. While this truncationleadsto

the correctTAP equationsfor the large t limit of the so-calledSK-modelin statistical
physics,its generalsignificanceis unclear. In fact, it will not be exact for a simple model
with Gaussian likelihood. To make our approximationexact for sucha case,we define
(generalizingan idea of [8]) for an arbitrary Gaussian likelihood �vu� , p 1 u �87 '�9 � )
1 �$w��87 '�9 � 2n1nm�xw �87 'f9 �

. Themainreasonfor thisdefinitionis thefactthat
p 1 u �87 '�9 �

is independent of the actualGaussianlikelihood �!u� chosento compute1 �
! This result



dependscrucially on the momentconstraintsin (2). Changesin a Gaussianlikelihood
canalwaysbe absorbedwithin the Lagrange-multipliersfor the constraints.We usethis
universal form

p 1 u to definetheADATAP approximationas 1zya{ [� 
 1nm� oDp 1 u , which
by constructionis exact for any Gaussianlikelihood � . IntroducingappropriateLagrange
multipliers | and } , we getp 1 u �87 '�9 ��
;:Vi �} b | ~ 24365 � u � | ' } � o 7 y |Q2��� 9 y }��Q2��� � � 3�5��K� � 2�� N�G� (3)

with
� u � | ' } ��
 R T�� ��������� � ��� � � � 2 &N�� � � N� � o � �8��� � ���!�s� � ��� ) Finally, setting� m� ��� m� ' � m � ��
�RlT � � � � � � �����M� � m� � 2 &N�� m � � N$�

, we have1 m 
0:Vi �}�� b | ��� 2 � � 3�5 � m� ��� m� ' � m � � o 7 y | m 2��� 9 y } m�� ) (4)

3 SequentialAlgorithm

The expressionof 1zy�{ [�
in termsof moments

�87 '�9 �
and Lagrangeparameters| ' }

and |�m ' } m suggeststhat we may find local minima of 1zy�{ [�
by iteratively alternating

betweenupdatesof momentsandLagrangemultipliers.Of specialinterestis thefollowing
sequentialalgorithm, which is a generalizationof Minka’s EP [1] for Gaussianprocess
classificationto anarbritarymodelof thetypeeq.(1).

We choosea site
�

anddefinethe updatesby usingthe saddlepointsof 1 �
with respect

to the momentsandLagrangemultipliers in the following sequentialorder(where � is a
diagonalmatrixwith elements� � ):�v��� b   � 1 ��
er ¡ � ��¢ 
 � �z£ � �¤2D¥ �x¦ &$§ �s� � � & � � 2�� N� ¢ 
 £ � �¨2D¥ �$¦ &$§ �����©ª� b « � 1 ��
er¬¡ � m� ¢ 
 2 � � 2 © �« � ¦ ©ª­� & � m � ¢ 
 2 � � 2 &« � ¦ ©®­�� � �� b   �� 1 � 
¯r ¡ � � ¢ 
 � � �� 365 � m� & � � ¢ 
 2 � �   �� 365 � m���©ª� b « � 1 ��
er¬¡ � ��¢ 
 2 � m� 2 © �« � ¦ ©ª­� & � �h¢ 
 2 � m � 2 &« � ¦ ©®­� .

Thealgorithmproceedsthenby choosinga new site. Thecomputationof
� �°2±¥ � ¦ & can

beperformedefficiently usingtheSherman-Woodbury formulabecauseonly one element� � is changedin eachupdate.

3.1 Cavity interpretation

At thefixedpoint,wemaytake
� � � � ��² � � W6³vY´ �� �����M� � m� � 2 &N � m � � N��

astheADATAP approx-
imation to the true marginal distribution of � � [3]. The sequentialapproachmay thusbe
consideredasa belief propagationalgorithmfor ADATAP.

Although
� � is usuallynot Gaussian,we canalsoderive themoments

7
and 9 from the

Gaussiandistribution correspondingto
� u . This auxiliary Gaussianmodel

� u ���	�
hasa

likelihood �!u� � � �ªµ �����M� 2 &N � � � N o � � � �
andprovidesusalsowith anadditionalapproxi-

mationto thematrix of covariancesvia ¶ 
S� �·2D¥ � ¦ & . This is usefulwhenthecoupling
matrix ¥ mustbeadaptedto a setof observationsby maximumlikelihoodII. We will give
anexampleof this for independentcomponentanalysisbelow.

It is importantto understandthe role of
� m and � m within the “cavity” approachto the

TAP equations.Defining ¸ � 
 � � �v�s� � � , it is easyto show that
� m� 
¹J ¸ � L º � and � m � 
J ¸ N� Lfº � 2 J ¸ � L N º � wherethebracketsdenoteanexpectationwith respectto thedistributionof



all remainingvariables
� u ����» � � �¼µ / � b �(½¾ � �vu� � � � � �*���M� ��¿ ��À�½¾ � � ¿ À � ¿ � À � whennode

�
is

deletedfrom thegraph.Thisstatisticsof ¸ � correspondsto theempty”cavity” atsite
�
. The

marginal distribution
� � � � �

ascomputedby ADATAP is equivalentto the approximation
thatthecavity distribution is Gaussian.

4 Examples

4.1 Modelswith GaussianProcessPriors

For this classof models,we assumethat the graphis embeddedin ÁnÂ , wherethe vector�
is the restrictionof a Gaussianprocess(randomfield) Ã �8ÄM�

with
Ä·Å ÁnÂ , to a setof

traininginputsvia � � 
 Ã ��Ä � � . �	�����	�
is theposteriordistributioncorrespondingto a local

likelihoodmodel,whenwe set ¥ 
 2¼Æ ¦ & andthematrix Æ is obtainedfrom a positive
definitecovariancekernelas A �s� 
 A m ��Ä � ' Ä � � . Thediagonalelement

� A ¦ & � �6� is included
in thelikelihoodterm.

Our ADATAP approximationcanbe extendedfrom the finite setof inputs to the entire
spaceÁnÂ by extendingtheauxiliary Gaussiandistribution

� u with its likelihoods�!u� � � �
to a Gaussianprocesswith mean

J Ã ��ÄM�fL
andposteriorcovariancekernel A_Ç ��Ä ' ÄÉÈÊ�

which
approximatestheposteriorprocess.A calculationsimilar to [4] leadsto therepresentationJ Ã ��ÄM� LË
 � � A m ��Ä ' Ä � �K� � (5)A Ç �8Ä ' Ä È �Ì
 A m ��Ä ' Ä È � o � � b ¿ A m ��Ä ' Ä � � ¶ � ¿ A m �8Ä ¿ ' Ä È �

(6)

Algorithms for the updateof
�

’s and ¶ ’s will usuallysuffer from time consumingmatrix
multiplicationswhen t is large. This commonproblemfor GPmodelscanbeovercome
by a sparsity approximationwhich extendsprevious on-line approaches[4] to the batch
ADATAP approach.Theideais to replacethecurrentversion

� u of theapproximateGaus-
sianwith a furtherapproximation Í� u for which both the the correspondingÍ� � aswell asÍ¶ � ¿ arenonzeroonly, whenthenodesÎ and Ï belongto a smallersubsetof nodescalled
”basisvectors”(BV) of size Ð [4]. For fixedBV set,theparametersof Í� u aredetermined
by minimizing the relative entropy AQC � Í� u ' � u � . This yields Í| 

Ñ | and Í� 
ÒÑ � Ñ y
with the ÐÔÓ�t projectionmatrix

ÑÕ
 Æ ¦ &Ö�× ÆÙØ . Here Æ is the kernelmatrix between
BVs andand Æ Ø thekernelmatrix betweenBVs andall nodes.Thenew distribution Í� u
canbewritten in theform (1) with a likelihoodthatcontainsonly BVsÍ� u ��� ÖÚ× �h
 �����M� � � � � ��Ñ y � Ö�× � � 2S�� � � � ��Û ��Ñ y � Ö�× � ��Ü N � ) (7)

Eq. (7) canbeusedto computethesparseapproximationwithin thesequentialalgorithm.
We will only give a brief discussionhere. In orderto recomputetheappropriate”cavity”
parameters|Úm� and } m � whenanew nodeis chosenby thealgorithm,oneremovesa”pseudo-
variable”

��Ñ y � Ö�× � � from the likelihood and recomputesthe statisticsof the remaining
ones. When

�
is in the BV set, then simply

��Ñ y � Ö�× � � 
Ý� Ö�×� and the computation
reducesto thepreviousone.We will demonstratethesignificanceof this approachfor two
examples.

4.2 IndependentComponentAnalysis

We considera measuredsignal Þ�ß which is assumedto beaninstantaneouslinearmixing
of sources

�
corruptedwith additivewhiteGaussiannoiseà thatis,Þ.ß 
eág� ß o à�ß ' (8)



where
á

is a (time independent)mixing matrix and the noisevector is assumedto be
without temporalcorrelationshaving time independentcovariancematrix â . Wethushave
thefollowing likelihoodfor parametersandsourcesat time ã�V� Þ ß H á ' â ' � ß �h
·�Fä ��å �Zæ â � ¦Iç­�è ¦¼ç­ W�éhê ¦�ë XZê�Y8ì�íhî ç W�éhê ¦ïë XZêFY ) (9)

and for all times
�V� Þ H á ' â ' �	�ð
 / ß �V� Þ ß H á ' â ' � ß � . The aim of independentcom-

ponentanalysisis to recover the unknown quantities: the sources
�

, the mixing matrixá
andthe noisecovarianceâ from the observeddatausingthe assumptionof statistical

independenceof the sources
�V�K� ß ��
 / � �V� � � ß � . Following [5], we estimatethe mix-

ing matrix
á

and the noisecovariance â , by an MLII procedure,i.e. by maximizing
theLikelihood

�V� Þ H á ' â �ñ
eR_T��É�V� Þ H á ' â ' �M���V���	�
. Thecorrespondingestimatesareá.òªóBô�ô�
 � ß Þ�ß J�� ß L y �K� ß�õ J�� ß õ � yß õ L � ¦ & and â òªóZô�ô	
 &, J � Þ¤2 ág�	��� Þ·2 á4�M� y L ) These

estimatesrequireaveragesovertheposteriorof
�

whichhasagainthestructureof themodel
eq.(1). They canbeobtainedefficiently usingour sequentialbelief propagationalgorithm
in aniterative EM fashion,wheretheE-stepamountsto estimating

J�� ß L and
JK� ß � yß L

with
fixed

á
and â andtheM-stepconsistsof updating

á
and â .

5 Simulations

5.1 Classificationwith GPs

This problemhasbeenstudiedbefore[9, 4] usinga sequential,sparsealgorithm,based
on a singlesweepthroughthe dataonly. Within the ADATAP approachwe areable to
performmultiple sweepsin orderto achievea self-consistentsolution.Theoutputsarebi-
nary ö Å Û 2 � ' � Ü andthelikelihoodis basedon theprobit model

�V� ö H Ã �8÷�� �ª
�ø�jfùM��ú-�h
&û N�ü R�ý¦-þ T ã ����� ��2 ß ­N � ) where
úD
 ö�Ã ��÷���ÿ�� m and

� m measuresthenoiselevel. Thepre-

dictive distribution for a new testinput
÷

is
øhj ùG� ö J Ã ��÷ï� L ß ÿ����!� with

� N� 
�� Nm o A ß ��÷ ' ÷��
,

which is easily rewritten in termsof the parameters
�

’s and ¶ ’s accordingto eqs.(5).
We usedthe USPSdataset1 of gray-scalehandwrittendigit imagesof size � � Ó � � with� ��� � training patternsand

� r!r	�
testpatterns.For the kernelwe choosethe RBF kernelA m ��÷ ' ÷ È ��
�
	� ����� � 2�
 ÷ 2 ÷ È 
 N ÿ�� � � N� �f�

where� is thedimensionof theinputs(
�����

in
thiscase),and


 �
and

� �
areparameters.In thesimulationsweused

� rBr!r
randomtraining

examples.We performedsimulationsfor differentsizesof theBV setandcomparedmul-
tiple iterationswith a singlesweepthroughthedataset.Theresultsaredisplayedin Fig. 1.
The linesshow theaverageresultsof

�
runswherethetaskwasto classifythedigits into

fours/non-fours.Our resultsshow that, in contrastto the online learning,the fluctuations
causedby theorderof presentationarediminished(markedwith barson thefigure).

5.2 Densityestimation with GPs

Bayesiannon-parametricmodelsfor densityestimationcanbedefined[10] by parametris-

ing densities� as � ��÷ÚH Ã � 
 � ­ W � Y� � ­ W � Y�� � andusinga Gaussianprocessprior over the space
of functions Ã . Observingt datapoints � 
°÷ & '+)*)+)*' ÷ , , we canexpressthepredictive
distribution (again,� denotestheexpectationover theGPprior) as

�������  "!$# %&�' ( ������� )*!,+-.0/�1 ����� . � )*!324# %&6587�9;:<>=�?�? + ' ( )*@A����!B+-.0/�1 )*@C��� . !�DFEHGJILK ­NMPORQTSUO 2V 9W:< =�? & G ? + ' G ( )*@C����!X+-.Y/�1 )*@C��� . ! 2[Z
1Availablefrom http://www.kernel-machines.org/data/



50 150 250 350 450 550
1.5

1.6

1.7

1.8

1.9

2

2.1

2.2

2.3

2.4

#BV

Te
st 

er
ro

r %

1 iterations
4 iterations

USPS: 4 <−> non 4

Figure 1: Resultsfor classificationfor different BV sizes(x-axis) and multiple sweeps
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Figure2: TheGPestimation(continuousline) of amixtureof Gaussians(dottedline) using� r BVs.

In the last expression,we have introducedanexpectationover a new, effective Gaussian
obtainedby multiplying the old prior and the term

è ¦ À � � ­ W � Y3� �
andnormalizingby

� À .
We assumethat for sufficiently large t theintegral over \ canbeperformedby Laplace’s
method,leaving uswith anapproximatepredictorof theform � �8÷�H � � µÕJ Ã N �8÷��fL À , where
thebracketsdenoteposteriorexpectationfor aGPmodelwith a kernelthatis a solutionto
the integral equationA À ��÷ ' ö � 
 A m �8÷ ' ö � 2]\ R T�^ A m ��÷ ' ^�� A À �_^ ' ö � . The likelihoodof

thefields � � )
 Ã ��÷ � � at theobservationpointsis � � � � �®
 � N è ¦ ç­ W � î ç` Y � � ³ ­
. For any fixed\ , we canapply thesparseADATAP algorithmto this problem.After convergenceof this

innerloop,anew valueof \ mustbedeterminedfrom (following aLaplaceargument) , À 
J Ã N ��÷ï� L À until globalconvergenceis achieved.To giveasimplifiedtoy example,wechoose
a kernel A m �8÷ ' ö � which reproducesitself after convolution. Hence,the \ dependenceis
scaledout andwe work with \ 
 � andnormalisedat theend. We useda periodickernel
for datain � r ' � � givenbyA m �8÷ ' ö ��
 2baRc	d � �Zæ Ï m ��÷ 2�ö � � o d < 5 � � æ Ï m �8÷ 2�ö �f� aRc å � æ �8÷ 2�ö � � )A m hasconstantFouriercoefficientsupto acutoff frequency Ï m ( Ï m 
 �

in oursimulations).

For the experimentwe areusingartificial datafrom a mixture of two Gaussians(dotted
line in Fig. 2). We applythesparsealgorithmwith multiple sweepsthroughthedata.The
sparsityalsoavoids the numericalproblemscausedby a possiblecloseto singularGram
matrix. For theexperiments,thesizeof theBV setwasnot limited a priori, anda similar
criterionasin [4] waschosenin orderto decidewhethera datapoint shouldbe included
in theBV setor not. As aresult,for

� r!r
trainingdata,only � r wereretainedin theBV set.

(continuousline in Fig. 2).



5.3 IndependentComponentAnalysis

We have testedthe sequentialalgorithm on an ICA problemfor local featureextraction
in handwritten digits, i.e. extractingthedifferentstroke styles[5] . We assumedpositive
componentsof

á
(enforcedby Lagrangemultipliers)andapositiveprior�V� � � ß ��
fe_� � � ß � ����� � 2 � � ß � (10)

As in [5] we used500handwritten’3’s which areassumedto be generatedby 25 hidden
images. We compareda traditional parallel updatealgorithm with the sequentialbelief
propagationalgorithm. Both algorithmshave computationalcomplexity g � t;h � . We find
thatthesequentialalgorithmneedsonly on average7 sweepsthroughthesitesto reachthe
desiredaccuracy whereastheparallelonefails to reachthedesiredaccuracy in 100sweeps
usinga somewhat largernumberof flops. Theadaptive TAP methodusingthesequential
belief propagationapproachis also not more computationallyexpensive than the linear
responsemethodusedin [5].

6 Conclusionand Outlook

An obvious futuredirectionfor theADATAP approachis the investigationof othermini-
mizationalgorithmsasanalternativeto theEPapproachoutlinedbefore.Also anextension
of thesparseapproximationto othernon-GPmodelswill beinteresting.A highly important
but difficult problemis theassessmentof theaccuracy of theapproximation.
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