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Abstract

We derive a mean field algorithm for binary classification with
Gaussian processes which is based on the TAP approach originally
proposed in Statistical Physics of disordered systems. The theory
also yields an approximate leave-one-out estimator for the generaliza-
tion error which is computed with no extra computational cost. We
show that from the TAP approach, it is possible to derive both a sim-
pler ‘naive’ mean field theory and support vector machines (SVM) as
limiting cases. For both mean field algorithms and support vectors
machines, simulation results for three small benchmark data sets are
presented. They show 1. that one may get state of the art perfor-
mance by using the leave-one-out estimator for model selection and
2. the built-in leave-one-out estimators are extremely precise when
compared to the exact leave-one-out estimate. The latter result is a
taken as a strong support for the internal consistency of the mean field
approach.



1 Introduction

Recently, there has been a great deal of interest in non-parametric Bayesian
approaches to regression and classification which are based on the concept of
Gaussian processes (Mackay, 1997; Williams, 1997; Williams & Rasmussen,
1997; Neal, 1997; Gibbs & Mackay, 1997; Barber & Williams, 1997; Williams
& Barber, 1997; Opper & Winther, 1999a&b). The underlying idea is con-
ceptually very simple. Instead of defining prior distributions over parameters
of a learning machine (e.g. weights and biases in case of a neural net), one
directly defines a Gaussian prior distribution over the function which the
machine computes.

For regression problems, this approach allows for an explicit statistical
inference by analytical methods. On the other hand, for non-linear statisti-
cal models like the ones used for classification, the high dimensional integrals
which occur in performing posterior averages can only be treated by approx-
imative methods. An approximation to these integrations can be based on
Monte Carlo sampling (Neal, 1997) which, for a large number of data may
be time consuming. Other, semi-analytic approaches use Laplace’s methods,
i.e. the approximation of the posterior by a multivariate Gaussian (Barber &
Williams, 1997; Williams & Barber, 1997) or a tractable variational bound
on the data likelihood (Gibbs & Mackay, 1997).

This paper deals with a different approach which has its origin in the
Statistical Physics of disordered media. Their thermodynamic properties can
be calculated from high dimensional expectations over Gibbs distributions
which contain a large set of random quantities, similar to the input data in the
posterior distribution of Bayesian analysis. Our method is based on a TAP
(Thouless, Anderson & Palmer, 1977; Mézard, Parisi & Virasoro, 1987) type
of mean field approximation, which goes beyond a variational approximation
of the posterior by a product distribution. The TAP approach is a controlled
approximation in the sense that it becomes exact for simple distributions of
the disorder (the input data) in the limit where the number of integration
variables approaches infinity (Mézard, Parisi & Virasoro, 1987; Opper &
Winther, 1996). A second advantage is that the method, by its construction,
automatically computes a leave-one-out estimate of its generalization error.

Clearly, for real data the distribution of the disorder is unknown and
one cannot assess the validity of the mean field approach directly. We will
therefore—in contrast to most prior applications of the TAP method-not make
an explicit assumptions for this distribution. Instead, we base our approach
on a Gaussian assumption for the so called cavity fields (Mézard, Parisi &
Virasoro, 1987)-which we believe to be reasonably good for a large class of
distributions—from which a closed set of non-linear equations for posterior
averages can be derived. An alternative derivation of these equations was



given in our previous NIPS paper (Opper & Winther, 1999a) which used a less
intuitive approximation for the Gibbs free energy (Parisi & Potters, 1995).
We also show that the internal consistency of the mean field approximation
can be checked indirectly through comparing the leave-one-out estimate for
the generalization error provided by the TAP theory with the exact leave-
one-out estimate.

The paper is organized as follows: Section 2 gives the basic definitions for
classification with Gaussian processes. In Section 3, we derive the TAP mean
field algorithm. A recipe for solving the mean field equations by iteration is
given in Section 4. A leave-one-out (loo) estimator for generalization error
of the TAP mean field algorithm is proposed in Section 5. In Section 6, we
derive a ‘naive’ mean field algorithm. In 7, Support vector machines (SVMs)
are obtained from TAP mean field theory by a limiting procedure in the prior
and a change in the Likelihood (which ruins the probabilistic interpretation).
In section 8, we present simulation results for three small benchmark data
sets ‘Sonar — Mines versus Rocks’, ‘Leptograpsus Crabs’ and ‘Pima Indians
Diabetes’. The paper is concluded in Section 9. Appendices A and B discuss
respectively the noise model and the covariance functions used.

2 Gaussian Process Models

We consider the following supervised learning problem: A training set, Dy =
{(xi,t;)]i = 1,..., N} of input vectors x; and associated outputs ¢; is given
and we want to infer the output ¢ for a new input x, where we restrict
ourselves to binary classification t = +1.

The probability of the output ¢, at a given point x, p(t|h(x)) is assumed
to depend on the input x through a scalar activation function h(x), which
must be inferred by the learning process. The simplest example for such a
likelihood is the noise-free case

p(t|h(x)) = O(t sgnh(x)) = O(t h(x)) , (1)

where O(z) = 1 for x > 0 and 0 otherwise. Thus, only functions that
have the same sign as the training label have non-zero probability. A more
common choice for the likelihood which corresponds to noisy or ambiguous
classifications would replace eq. (1) with a sigmoidal function of ¢ h(x). Since
our approach requires integrations of likelihood functions over Gaussian dis-
tributions, we will restrict ourselves to likelihoods corresponding to a probit
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where ® is the error function (or more precisely the Gaussian cumulative

distribution function)
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for which such integrations can be performed exactly. However, as discussed
in Appendix A, the Bayesian classification for such a choice can also be
derived from a model of the form eq. (1) by a simple redefinition which
amounts to modify the prior over h(x) such that it includes the noise. In the
subsequent discussion we will therefore only consider the Likelihood eq. (1).

There are many possible parametric approaches to modeling the function
h(x). A popular one, e.g., is to represent h by a neural network and try to
estimate the parameters from the data. In the Bayesian approach to learning,
a prior probability distribution over the parameters (e.g. the weights of the
network) which determine h is specified. To go one step further, one may
skip the parameters and introduce a prior distribution over the entire space
of functions A. The choice of a Gaussian probability measure over functions
has been motivated from a study of the limiting prior distribution in the
neural neural network case, when the number of hidden units grows large
(Neal, 1996; Williams, 1997). In such a case, a typical function h drawn at
random from the prior distribution is a realization of a Gaussian process.

A Gaussian process is a family of random variables h(x), x € T, where T
denotes a possibly uncountable index set, such that any finite collection h =

(h(x1),...,h(xy)) of random variables have a joint Gaussian distribution
1 1
pb) = ————exp (~5(h-m)C b -m)) , (@)
(27)N det C 2

where m is the mean m = E(h) (which we will set to zero in the follow-
ing) and C = E(hhT) — mm?7 is the covariance matrix of the input set
with elements C(x;,x;). The function C'(x,x’) explicitly determines how the
activations at different points are correlated, which should reflect our prior
beliefs about the variability of the function A(x). In principle, we may choose
any positive semi-definite function for C. Several parametric choices, some
of them related to neural network models, are discussed in Appendix B.

Formally, we may represent a Gaussian process model by a single layer
neural network with (possibly infinitely many) weights w,, p = 1,2, ... with
a spherical Gaussian prior distribution E[w,wy| = 0,y, by performing a
Karhunen-Loeve expansion, see e.g. (Papoulis, 1994)

h(x) = 3wy /AT, () (5)
p
where W,(x) are eigenfunctions of the covariance function (kernel) C' with
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eigenvalues \,. From eq. (5), we get the kernel representation C'(x,x’) =
o A, (x) U, (x).

At first glance, the infinite dimensional nature of the Gaussian process
h(x) seems a bit awkward. However, since we we are interested in making
inference on a single input x based on a discrete set of training data inputs
x;, one only needs the NV + 1 dimensional Gaussian prior distribution p(h, k)
where h = h(x;),..., h(xn) and h = h(x) is the random variable associated
with the new input x.

Using Bayes rule together with the likelihood eq. (1), one may now form
the joint posterior distribution of h and A

1 X 1
p(h, hlt) = — H (ti|h(x:)) p(h, h) = —=<p(t/h) p(h, k),  (6)
p(t) i p(t)
where t = ¢1,...,tx is shorthand for the training set outputs and
t) = [ dhdh p(t/h)p(h, h) = [ dh p(th)p(h) (7)

is a normalization constant. To find p(h|t) formally all we need is to marginal-
ize over h

p(hit) = [ dh p(b, hlt) . (8)

We will call p(h(x)|t) the predictive posterior of h. The term predictive
is used because x is not in the training set and this posterior may—as will
be shown below-be used for making Bayesian predictions. The predictive
posterior is also a central concept in our mean field theory since the mean
field approximation amounts to assuming a special simple parametric form
of this distribution.

2.1 Bayesian Classification

The predictive posterior p(h(x)|t) summarizes the knowledge about h(x)
after having observed the training set. We may calculate the predictive prob-
ability of the output label

p(t]6) = (p(tn) = [ dhp(Um)p(hlY) ©)

where we have introduced the notation (...) for a posterior average. Bayes
algorithm for classification selects the output with highest probability

B (D x) = argmax p(t[t)
t



in order to minimize the posterior probability of an error. For binary classi-
fication, Bayes algorithm becomes

t°¥=(Dy,x) = sgn[p(+1[t) — p(-1[t)]
= sgn(sgnh) . (10)

In the Bayesian framework, we may also quantify the uncertainty of the pre-
diction of Bayes algorithm. According to our posterior belief, the probability
for the the output ¢ to be correct is given by the predictive probability p(t|t).
The estimate of the probability that Bayes algorithm gives the wrong answer
is therefore p(—t®®*(Dy, x)|t).

3 Mean Field Theory

The posterior average needed to derive Bayes algorithm is in most cases of
interest not analytically tractable. For the likelihood eq. (1), one has to
resort to approximate techniques. In this paper we introduce an advanced
mean field theory approach based on ideas of statistical mechanics.

The basic idea of mean field theories is to approximate the statistics of a
random variable which is correlated to other random variables by assuming
that the influence of the other variables can be compressed into a single ef-
fective mean ‘field’ with a rather simple distribution. Often, such an approx-
imation is based on a variational product approximation for the distribution
of interest, which neglects the correlation between random variables (Parisi,
1988). For applications to Gaussian processes, see (Csaté et. al., 1999) and
in graphical models, see (Jordan, 1999). Our approach goes beyond such a
simple mean field theory and is equivalent to the so called TAP mean field
theory known in Statistical Mechanics of disordered systems.

We assume that given the data, the posterior distribution of h at a new
data point x, which was not in the set of training inputs, the predictive
posterior, can be approximated by a Gaussian with mean (h) and variance

A = (h?) — (h)?: that is

p(h(x)lt) ~ \/217r_/\exp (-%) . (11)

To motivate such an approximation, one may look at the expansion eq. (5).
Clearly, the posterior distribution of the weight vector, p(wy, we,...[t) will
not be Gaussian for a non—-Gaussian likelihood. However, one might justify a
Gaussian approximation by the central limit theorem if (a) the weights w, are
sufficiently weakly dependent, and if (b) in addition the fluctuations of the
sum (5) were dominated by a large number of terms with roughly the same




magnitude. One may argue that condition (b) will not be fulfilled when
the eigenvalues A\, are rapidly decreasing with p (e.g. exponentially fast).
However, when the dimension of the input space is large and we assume
a kernel which is permutation invariant with respect to the components of
the input vector, there will be many features (e.g. the linear ones) which
have the same eigenvalues and may thus give similar contributions to the
fluctuations of eq. (5). The quality of the Gaussian approximation to A(x)
will strongly depend on the input x. If we take a point which is close to one
of the training inputs x = x;, and e.g. consider the likelihood eq. (1) which
imposes the strict inequality ¢;h(x;) > 0, the distribution of h(x) should be
rather different from a Gaussian (see the subsequent discussion after eq.(15)).
However, as we will see in a moment, the Gaussian approximation will be
only applied to test points x and to training inputs x;, for which the label #;
and the corresponding likelihood factor has been discarded. In such a case,
we expect that the approximation should be fairly good, when input points
are typically not close to each others. In fact, for specific models (Opper &
Winther 1996), the approximation becomes exact when the dimension of the
input space approaches infinity and the input vectors are drawn at random
from a probability distribution with independent components. In this limit,
with probability one, inputs vectors will come out uncorrelated.

In the theory of disordered media, similar approximations are made for
the distribution of the magnetic field at the cavity which is left, when an atom
(corresponding to the data label) is removed from the system. Hence, we will
also speak of cavity fields or cavity distributions. For more detailed discussion
of the validity of the approximation for specific models in the Statistical
Physics of disordered media, see (Mézard, Parisi & Virasoro, 1987).

We will show in the following, that means and variances for the Gaussian
approximation eq. (11) can be calculated in a self-consistent way. Before
doing so, we use the Gaussian approximation to calculate the predictive

probability eq. (9)
p(t|t) = @ (t<h\(/§)>> :

where @ is the error function eq. (3). The Bayes classifier becomes
%9 (x, D) = sgn(h(x)) . (13)

Note, that this result holds for any distribution which is symmetric around
the mean value. The approximation to the error probability may also be
calculated

[(h)]

e Dy = @ (-91) (14)

It is important to note that the Gaussian mean field approximation to the
predictive posterior is not equivalent to a Gaussian approximation to the full

(12)
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posterior. The latter approximation is commonly used in Bayesian modeling
for parametric models, in the limit where the number of data is much larger
than the number of parameters. This would not be justified in our non-
parametric case. Second, it would also not be justified for the non-smooth
likelihoods eq. (1). To understand the difference to this simpler approxima-
tion, consider the case where a N + 1th example (x,¢) has been observed.
Then-according to Bayes rule-the posterior distribution is given by

Pt GP(ACR) 1)
PG = " an pimyp(at) ()

For the likelihood eq. (1), the posterior distribution is far from being Gaussian
as illustrated in figure 1. To derive the mean field algorithm, we shall exploit

that—under the Gaussian approximation—one can derive an analytical relation
between the mean of predictive distribution, (h) and the mean of p(h(x)|t, t).

p(h(X)It.t)

h(x)
Figure 1: The predictive posterior of h(x), p(h(x)|t) (dashed line) and the
posterior p(h(x)[t,t) (solid line) after the addition of the N + 1th example
(x,t). In the figure t = 1. The lines crossing the x-axis indicates the mean
value of the two distributions.

Within the mean field approximation we thus need to derive expressions
for (h) and X\ = (h?) — (h)? to make Bayesian predictions and quantify the
uncertainty of the prediction. This will be the task of the remainder of
this section. We will start out by deriving exact expressions for the two
first moments of the fields. The exact expressions are written in terms of
averages over cavity distributions (for which one of the training examples is
left out of the likelihood). These averages may be carried out within the
mean field approximation and the second moments of the cavity distribution
are determined self-consistently. The final result is a set of 2/N non-linear
mean field equations which has to be solved to find (h) and A. In simulations
this will be done by iteration.



The Gaussian assumption for the distribution of the cavity field is only
one possibility to derive the TAP mean field theory. Another derivation which
is based on a perturbation expansions for the Gibbs free energy (Opper &
Winther, 1999a) is less intuitive and requires a somewhat deeper background
of specific techniques of Statistical Physics. Such alternative derivations will
be discussed in more detail elsewhere.

Exact expressions for (h) and (h(x;)). The starting point of our ap-
proximative treatment is based upon exact relations for the posterior mean

1
W= / dhdh h p(t|h)p(h, k)

and the posterior variance. The exact relations are derived using

0

hp(h) = CC'hp(h) = —Cpp(

h) (16)
which follows from eq. (4) (with m = 0). We may now find the exact relation
for the posterior mean (h(x)) at an arbitrary point x by extending the prior
to include the new point x (h(x) is the N+1th field) and applying integration
by parts to shift the differentiation from the prior to the Likelihood:

N+1

(h(x) = —ﬁ / dhdhp(t\h);c(x,x»a%p(h,h)

O(x,x;) ﬁ / dhdh p(h, h)-2

= _p(t/h
ahip(tl )

C(X, XZ') tz' a; . (17)

M= 1=

-
Il
—

Here we have introduced the notation h; = h(x;) and defined the ‘embedding
strength’

o = Z% [ dnp(n) 8(?Lip(t|h) . (18)

Introducing the further shorthand notation C;; = C(x;,x;) and applying eq.
(17) to the training data points x = x;, we have

These exact expressions are very interesting, because they allow us to express
the expected activation (h(x)) as a weighted average over the examples of
the training set, as it is also the case in the support vector learning approach
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(Vapnik, 1995) and in the MAP approach to Gaussian processes (Williams
& Barber, 1998). In calculating the activation at a point x, the training
data are weighted according to how close they are to x (in an appropriate
metric) by the kernel function, which defines the relevant neighborhood for
each point in the input space. The overall importance of a training point
x; in the learning problem is measured by the variable o; which as it may
be seen from eq. (18) is always non-negative when p(t|h) is an increasing
function of ht.

For our cavity derivation, it is useful to introduce a new set of predictive
posteriors, one for each example, by

S Tjzi Ay Tz p(t5]hy)p(h)
p(hilt\t;) = : (20)
[ dh Hj;éip(tj‘hj)p(h)

where t\t; = t;,...,%;_1,tis1,...,tn denotes a training set without the ith
example. Denoting an average over this distribution by

(-- i = /dhi---p(hi|t\ti) ;

we can rewrite eq. (18) as

(am:P(tilhi) i

o=t (p(ti|hi) )i

(21)

Mean field expression for «; The main reason why it is possible to
calculate averages over p(h;|t\¢;) is the fact that it is a predictive posterior
of the field at an input x;, i.e. ¢; is not included in the data set. We can
therefore apply the same Gaussian approximation as in eq. (11)

SRCEIEN A

1
p(hi|t\ti) ~ \/m

with the variance defined as \; = (hf)\; — (h;)3;. Inserting (22) into (21) we
derive the explicit expression

o N 1 D ((f‘b/l))‘_:l) (23)
VA (1, 0)
where we have introduced the Gaussian measure
D(y) = =
V2r
So far we have accomplished to write «; in terms of new unknown quantities,
the two first moments of the predictive distribution for h;: (h;)\; and A;.

-v?/2
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We therefore need to express these in terms of some known quantities. For
the first moments, we may exploit the following exact relation between the
average over the posterior and the predictive posterior

) = . 24

T Y
Since p(h;|t\t;) is (assumed to be) Gaussian, we get (following the same
reasoning as eq. (16): h; p(hi|t\t;) ~ (hi)\i — )\iai,“p(hi|t\ti) and

N .fdhip(tﬂhi)a%p(hﬂt\ti)
) = (i = X (p(ts|hi) i

= (ha)i + A 25
il (p(tilhi))\e (25)

Comparing with eq. (21) we see that
(hi) = (hi)i + Aiticy; (26)

This relation shows that adding the ith example to the posterior gives a
change in the mean of the field in the direction of the target as may also
be seen from fig. 1. Note from eqgs. (23) and (26) that the equations for a;
are non-linear and thus have to be solved numerically. In sec. 5, we will
exploit the fact that we have calculated (h;)\; for every training example
1=1,..., N to propose a mean field estimate of leave-one-out estimator for
the generalization error.

Mean field expressions for A and \;. To complete our mean field theory,
we have to derive expressions for the second moments: A\ = (h%(x)) — (h(x))?
and \; = (hf)\; — (hi)};- The derivation is given in appendix C. The final
results are:

A O(xx) = Y Cx,x)) [(A+ C)‘l]jk C(xg, X) (27)
1
Ai & m Y (28)

with A = diag(A4,...,Ay) and

A==\ —t ( afhf;\)_l . (29)

An explicit expression for a(?g)i\. is with some algebra obtained from eq. (23)
8Cki (67



Eq. (28) with egs. (29) and (30) thus defines a set of non-linear equations for
Ai,i=1,...,N.

For Gaussian process regression with a Gaussian noise model, one finds
the same expressions for A and \; with A; equal to the noise variance (Williams
& Rasmussen, 1996). It is therefore tempting to interpret A; as the ‘effective’
noise variance for the ¢th example.

Summary of mean field equations We conclude the derivation of the
TAP mean field equations with a summary of the results: The mean field
prediction for new data point x follows from eqgs. (13) and (17)

tBayeS(X, DN) RS sgn Z C(X, Xi)tia/i . (31)
i

To obtain a;, © = 1,..., N, one has to solve the set of 2N non-linear mean
field equations for o; and \;, where q; is given by eq. (23) (with egs. (19)
and (26)) and ); is given by eq. (28) (with egs. (29) and (30)). In the next
section we give a recipe for solving the mean field equations.

4 Solving the Mean Field Equations

The mean field equations are solved by iteration. The parallel iterative
scheme used are described below in pseudo-code, where we also indicated
which equations are used. The iterative scheme for the naive mean field
(see section 6) is obtained by omitting the statements for A; and ); in the
iteration step.

Computationally, the most expensive step of the TAP mean field approach
is the inversion of the C+ A-matrix which is of O(N?) compared to O(N?) for
the other operations. It turns that it requires many more iterations to solve
for the equations for o; than for \; which seems to be somewhat insensitive
to precise value of the a;s. We therefore choose to make a (greedy) update
of \; only every 20th iteration step.

For the problems studied convergence to the required accuracy could be
obtained in less than 100 iteration steps and takes about 1 CPU second on
an Alpha 433au for the largest problem studied (N = 200).!

Initialization.

1. Learning rate n := 0.05 and fault tolerance ftol := 10~%.

! An important contributing factor to learning speed is the use of an iterative learning
rate: We set  := 1.1 if ‘the error’ ), |6;|? decreases in the update step and 7 := /2
otherwise.
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2. Calculate the covariance matrix C (see appendix B).

3. For every training example i: o; := 0 and \; := Cj;.
Iterate. While max; |6;|? > ftol do:
1. For every i: (Egs. (23,19,26))
(hi) = Y Citjay
J

1 Dz
ooy = (z)—ai, zi = 1

VA @ (2)

2. For every i: a; := a; + nda;

(hi) — Miticy;
v

3. For every 20th iteration:
(a) For every i: A; :=\; (m - 1). (Egs. (29,30)).
(b) For every i: \; := m — A;. (Eq. (28)).

5 Leave-One-Out Estimator

Once we have solved the mean field equations, the cavity average of the
activation function (h;)\; will be known. We may use these to define a leave-
one-out (loo) estimator for the generalization error of the algorithm since
sgn(h;)\; is a mean field estimate of the prediction of the algorithm on pattern
1 trained without that example. We therefore get—as a bonus of the TAP
approach-the following leave-one-out estimator for the generalization error

o = 37 2 O (A ) (32)

If €0, were exact, i.e. equal to the exact loo-estimator X3t obtained by
N-fold cross validation, this estimator would be (almost) unbiased.? In ap-
pendix D, we will show that the expression for (h;)\; = (h;) — Ait;0; may also
be obtained by treating the perturbation of the TAP equations when the ith

example is removed from the training set by a linear response approach. This

Zefxact jg an unbiased estimator for the generalization error for a training set of size

N — 1. We may also define an additional loo-estimator from the error probability eq.

(14), €prea = & 2.; @ (—K%"l). However, this estimator is only unbiased when the

model assumptions are correct and will therefore in many cases be misleading. This is
also observed in simulations.
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gives a self-consistency check of the result for (h;)\; obtained within the TAP
approximation. In Appendix D, it is furthermore shown how this technique
can be generalized to the derivation of loo—estimators for other algorithms,
e.g. the naive mean field algorithm (Section 6) and Support Vector Machines
(section 7). Other work on approximate loo-estimators for smoothing splines
(Xiang & Wahba, 1996) and neural networks (Larsen & Hansen, 1996) is
close in spirit to the linear response approach.

6 Naive Mean Field Theory

There are many different ways to define and derive mean field theories, see e.g.
(Parisi, 1988). Perhaps the simplest one is to derive an exact relation between
the expectations of the random variables of interest and the expectation of
a non-linear function of these variables. For spin systems, such expressions
are known as Callen identities (see Parisi’s (1988) field theory book on page
26). At the end of the calculation, the expectation is naively exchanged with
the non-linearity in order to derive a closed self-consistent approximation for
the averages.

For our problem, we start from the definition of «;, eq. (18) and firstly
apply a standard Gaussian transform which introduces the imaginary unit
i = v/—1 (not to be confused with the i appearing as an index)

0 = p’(fi) [ dbp(n) a?%p(tlh)
ey o) S

Secondly, integration by parts is applied

t; / dhdy , . ( 1 4 T .
o; = —iy;) e —y Cy +1 h) t/h) = —it;(y;) .
= (%)N( yi)exp (—5y Cy +iy h ) p(t[h) i{ys)
In the last equality the bracket is understood as a formal average over the
joint complex measure of the variables h and y. Next, we separate the
integrations over h; and y; from the rest of the variables to show that

o = 4 <f dhidy; exp (—3Cii(y:)? + (—iys) (X4 Cij (—iy;) — ha)) ) 2lilha) >
[ dh;dy; exp (—%Cn(ym + (=) (X Cis(—iy;) — hz’))) p(t:he)

, < J dh; exp (— ZJ#QC“J *Yi ) 3pgh\ih)
i (hi=3; 5 Ot (=i;))°
J dhyexp (— M2 O i )

14



D (Ej# Cij(—iy;) )

Cii

1
- VG <<I) (t.zj;éicij(_iyj))
: VT

it

(34)

If we simply neglect the fluctuations of the field ¥, ; Ci;(—iy;) and move
the expectation through the non-linearities, we get a self-consistent set of
equations for o; = —it;{y;). We may call this a ‘naive’ mean field theory.?
The explicit expression for «; becomes

D (Zifi Cijtjey )
1 Cii

Vo ) (t-_z#i%tjai) '
7 \/C'i

(35)

(2

This can be seen as simplified version of the TAP equations, where (cf. eq.
(23)) the complicated expression for );, eq. (28) has been replaced with Cj;.
This mean field theory is therefore of a lower computational complexity since
we avoid the matrix inversion needed in the TAP approach to obtain A;.
We may obtain the leave-one-out estimator for naive mean field theory
from eq. (48), where (h;) is given by eq. (47) and €;, eq. (49) becomes

1
Q=0 — 1 .
=G (tiai<hz‘> )

Again, we observe that the only difference to TAP is that A\; has been ex-
changed with Cj; (compare €2; which corresponds to A;, eq. (29) for TAP).

7 Support Vector Machine Digression

The relation between variational problems in reproducing kernel Hilbert
spaces (such as the learning in support vector machines) and Bayesian Gaus-
sian processes is well known and has been pointed out by various authors,
see e.g. (Wahba, 1990; Jaakkola & Haussler, 1999).

We give a simple formulation of support vector learning in the realiz-
able case (neglecting the bias) (Boser, Guyon & Vapnik, 1992; Vapnik, 1995;
Schélkopf, Burges & Smola, 1998): Based on the decomposition for the acti-
vation function h(x), eq. (5), one tries to find weights w, such that ¢;h(x;) > 1
for all examples and 3°, w? is minimal. This is therefore an optimization

p
problem with no direct probabilistic interpretation. However, this fits into

3The same result can be obtained by a saddlepoint approximation of a suitable partition
function (Csaté et. al., 1999).
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the Gaussian process framework by the following limiting procedure: To in-
troduce the margin, we replace p(t|h) = ©(th) by the non-normalized ‘Like-
lihood’ ©(th — 1) such that absolute values of activations smaller than 1 are
excluded. Second, the prior is rescaled by introducing a parameter 3:

p Byrm-1
h)=/—— —=h"C™"h|. 36
p(h) (2m)N det C P\ (36)
In the independent variables w, this prior is simply o exp[—— YW ] Hence,

in the limit 8 — oo, the ‘posterior’ is dominated by the solution of the SV
problem.

Interestingly, although the TAP equations give in general only approxi-
mations to posterior averages, it is shown in appendix E that they reduce to
the ezact Kuhn—Tucker conditions which determine the embedding strengths
&; for SVMs:

(dz =0 and tz<hz> > 1) or (dz >0 and t1<hz> = 1) , (37)

where (h;) = 3°; Cy;t;é;. The prediction of the support vector machine is
given by t5VM(x, Dy) = sgn(h(x)) = sgn y; C(x, x;)t;0.

In appendix E, we show that taking the SVM-limit of the loo-estimator
eq. (32), a simple approximation for the loo-estimator for SVMs is obtained

ISO\(,)M . Z@ (1_ [C ] ) ) (38)

where the sum goes over SVs only and Cgy denotes the covariance matrix for
the SV examples. An alternative derivation of eq. (38) and generalizations are
possible along the lines of appendix D (Opper & Winther, 1999b). A similar
type of loo estimator for SVM (for a different loss function) has previously
been derived by Wahba (1998).

8 Simulations

In this section, we study the performance of the TAP mean field, naive mean
field and the support vector machine (SVM) algorithm for three publicly
available and widely tested data sets: ‘Sonar — Mines versus Rocks’ (Gor-
man & Sejnowski, 1988) ‘Leptograpsus Crabs’ and ‘Pima Indians Diabetes’
both (Ripley, 1996). For SVM, we used the Adatron algorithm without bias
(Anlauf & Biehl, 1989). The input data was pre-processed by linear rescaling
such that over the training set each input variable has zero mean and unit
variance. We tested several different covariance functions. All of them are
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listed in Appendix B. In almost all cases the Gaussian covariance function
turned out to give the best performance. We have therefore chosen only to
report results for that covariance function.

Hyperparameters. The free parameters of the algorithms are the hyper-
parameters of the covariance functions (described in Appendix B). These
should be determined from either prior knowledge about the problem or in
lack of that from the training data.

In the simulations presented here, we have reduced the number of free
hyperparameters either by setting all the w-hyperparameters (see Appendix
B) to a common value (‘Sonar’) or used the values found in a previous study
(‘Crabs’ and ‘Pima’) (Williams & Barber, 1997). The remaining hyperpa-
rameters are chosen as to minimize the value of the leave-one-out estimator.
For the optimization using the leave-one-out estimator, we simply make a
very rough and probably non-optimal optimization by scanning through a
range of values. This is possible because we restrict ourselves to at most
three free parameters, where in most cases only one is different from zero. It
should be noted that the performance was found to be quite robust against
changes in the hyperparameters. In the Conclusion, section 9, we briefly
discuss how to make the hyperparameter determination automatic and the
Bayesian ‘evidence’ framework as a possible alternative for determining the
hyperparameters.

Test of leave-one-out estimator. The generalization error estimator for
the different algorithms have been compared with the exact X2t Jeave-one-
out cross-validation error. I.e. the error count we get, when going through all
training example, keeping in turn one example out for testing and running
the mean field algorithm on the rest. The results are shown in tables 1 and
2. Figure 2 shows the values of different error measures for a range of values
for a single hyperparameter. The overall conclusion is that the leave-one-
out estimators are very precise. Usually they get at most one classification
wrong compared to the exact value. An exception is extremely short-ranged

covariance functions shown, see figure 2.

8.1 Sonar Data

‘Sonar — Mines versus Rocks’ is the data set used by Gorman and Sejnowski
in their study of the classification of sonar signals using neural networks
(Gorman & Sejnowski, 1988). The task is to train a classifier to discrimi-
nate between sonar signals bounced off a metal cylinder and those bounced
off a rough cylindrical rock. The dataset contains 111 patterns obtained
by bouncing sonar signals off a metal cylinder at various angles and under
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various conditions and 97 patterns obtained from rocks under similar condi-
tions. Here we have used the same training/test data split as Gorman and
Sejnowski.*

Results. For all algorithms the number of hyperparameters were strongly
reduced by setting w; = 1/0?d for | = 1,...,d, where d is the input dimen-
sion. It turned out that the performance is quite robust against the choice
of 0% as it may seen from figure 2. The simulations results are shown in
table 1. The comparison is taken from (Gorman & Sejnowski, 1988). One
may observe that the performance of the mean field algorithms are slightly
better than that of the SVM and the best two-layer network. However, it is
doubtful that this difference is significant.

Table 1: Results for Sonar data.

Algorithm Erest | €22 | €00
TAP Mean Field 0.077 | 0.212 | 0.212
Naive Mean Field 0.077 | 0.221 | 0.221
SVM 0.096 | 0.202 | 0.202
Simple Perceptron 0.269

Best Two-Layer (12 Hidden) | 0.096

Figure 2 shows that the test set is significantly ‘easier’ than the training
set. The solution with lowest test error is almost trivial with all o; ~ t{h;) ~
constant. Exchanging the training and test set, we find e.g. for o2 = 0.05,
€ress = 0.173 and €, = 0.058. One may thus conclude that this training/test
split is very biased. Running the algorithms on other splits gave a non-trivial
solution, with a much better correspondence between the test and leave-one-
out error and an error rate somewhere between the two extremes.

In figure 3, we give an example of the ‘embedding strength’ a; and the
‘stability’ t;(h;) found for TAP mean field, naive mean field and SVMs used
under exactly the same condition, i.e. same training set and covariance ma-
trix. The results are normalized such that the squared length of the weight
vector 3-;; a;t;Cijtja; is the same for all three cases. The results show a
clear correlation between the solutions found by the three algorithms. How-
ever, the mean field algorithms give rise to both smaller and larger stabilities
(margins) than found for the SVM. This, however, has no major effect on
performance.

“May be obtained from http://www.boltz.cs.cmu.edu/benchmarks/sonar.html.
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Figure 2: The test error € (full line) and the leave-one-out estimator €y,
(dashed line) and X2 (dash-dotted line) as a function of o2 for the Sonar
data set. The left plot is for TAP and the right plot is for SVM.

8.2 Leptograpsus Crabs and Pima Indians Diabetes

Both the ‘Leptograpsus Crabs’ and ‘Pima Indians Diabetes’ data set has
been made available by Ripley (1996).°

For ‘Leptograpsus Crabs’ the task is to classify the sex of crabs on the
basis of five anatomical attributes and a color attribute. There are 50 ex-
amples available for each color and sex, making a total of 200 examples. 20
examples for each color and sex in the data file are used for training (making
80 examples in total) and the rest are used for testing. We use the same
training/test split as Williams and Barber (1997).

The ‘Pima Indians Diabetes’ data set is used as in previous studies with a
training/test split of 200 and 332 examples respectively (Ripley, 1996). The
task is to diagnose diabetes in a population of women of Pima Indian heritage
based upon the following information: number of pregnancies, plasma glu-
cose concentration in an oral glucose tolerance test, diastolic blood pressure,
triceps skin fold thickness, serum insulin, body mass index, diabetes pedigree
function and age. The baseline error rate, obtained by simply classifying each
test input as positive, is 0.33.

Results. The w-hyperparameters were chosen to have values found by
Williams & Barber (1997) based on the Laplace approximation to the inte-
gral over the Gaussian fields and ML-II estimation for the hyperparameters.
The results are given in table 2. The comparisons are taken from Williams &
Barber (1997) for ‘Laplace GP’ and all others are from Ripley (1994,1996).
Our results are found to be close to the state of the art. The performance is

SMay be obtained from http://www.stats.ox.ac.uk/~ ripley/PRbook/.
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Figure 3: Left figure: The ‘embedding strengths’ «; plotted for the different
algorithms for the Sonar data. The right figure: The mean activation t;{h;)
for the different algorithms (same ordering as the left plot). The triangles
are for support vectors, circles are for naive mean field theory and stars are
for TAP mean field theory. They are sorted in ascending order according to
their support vector «; value and the TAP and ‘naive’ mean field solution is
rescaled to the length of the support vector solution.

quite sensitive to the choice of w-hyperparameters, so one may hopefully im-
prove upon these results when the hyperparameters are tuned to the specific
algorithm. For ‘Pima Indians Diabetes’, the difference in performance be-
tween algorithms are small and contrary to the other data sets all covariance
functions tested have similar performance.

9 Conclusion

In this paper, we have presented a mean field approach to binary classification
with Gaussian processes. Our method is an extension of the TAP mean
field theory known in Statistical Physics. However, we have avoided making
special assumptions about the distribution of the randomness of input data.
The derivation of the resulting non-linear equations for posterior means is
new and may also be applied to other problems in probabilistic modeling.
Our mean field method can be applied to statistical models which are non-
smooth functions of their parameters (like noise-free classification), where
approaches based on Taylor expansions of the likelihood or the posterior
would fail.

A ‘naive’ mean field algorithm, which can be considered as a simplified
version of the TAP algorithm with a lower computational complexity has also
been derived. We have further shown how support vector machines (SVMs)
can be obtained from a limiting procedure of the TAP approach. The built-
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Table 2: Results for ‘Leptograpsus Crabs’ and ‘Pima Indians Diabetes’.

Leptograpsus Crabs Pima Indians Diabetes

Algorithm Erest | €2 | €00 | BIT. | €rest | €22 | €0, | Err.
TAP Mean Field | 0.033 | 0.037 | 0.037 | 4 | 0.190 | 0.250 | 0.255 | 63
Naive Mean Field | 0.017 | 0.025 | 0.025 | 2 | 0.193 | 0.245 | 0.245 | 64
SVM 0.050 | 0.037 | 0.037 | 6 | 0.199 | 0.250 | 0.250 | 66
Laplace GP-Hybrid Monte Carlo 3 68

~Maximum Likelihood-1I 4 69
Best Two—Layer Network 4 75
Simple Perceptron 8 67
Logistic Regression 4 66
MARS (degree=1) 8 75
Projection Pursuit (4 Ridge Functions) 3 75
Gaussian Mixture 64

in leave-one-out estimator for the generalization error provided by the TAP
mean field method naturally extend to the SVM and naive mean field case.

Simulation result on three small benchmark data sets ‘Sonar — Mines
versus Rocks’, ‘Leptograpsus Crabs’ and ‘Pima Indians Diabetes’ all give
promising results matching the state of the art performance. However, there
are still a number of unresolved questions that need to be addressed before
these new algorithms may be regarded as practical tools. We will discuss
these in the following.

Model selection. So far we have not dealt with automatic determination
of hyperparameters. After having reduced the number of hyperparameters,
the remaining ones have been found by minimizing the leave-one-out esti-
mate over a range of trial values. To be able to work with a higher number
of hyperparameters, the search should be automated preferable by a gradi-
ent descent method on a suitable differentiable function which rules out the
discrete leave-one-out error count.

A well established candidate for such a function which exploits the full
power of the Bayesian approach is the total probability of the data given the
model. This is termed the evidence in Bayesian terminology (Mackay, 1992),
or the stochastic complerity in Rissanen’s MDL approach. The negative log—
evidence corresponds to the so called free energy in the language of statistical
physics for which approximations are also available within mean field theory
(Opper & Winther, 1999a, Csaté et. al., 1999). Preliminary results of this
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approach are very promising and will be reported in a forthcoming paper.

Assessing the validity of the mean field approximation. When the
iterative scheme for solving the mean field equations fails, we have so far no
way of telling whether the equations have actually no solution or whether
our numerical method is simply not appropriate for the specific choice of
parameters. A possible way to approach this problem is its conversion into
the minimization of a suitable cost function like the TAP free energy in
(Thouless, Anderson & Palmer, 1977; Opper & Winther 1999a).

Quality of Mean Field Approximations. The quality of the mean field
approximations may be directly assessed by a comparison with Monte Carlo
sampling (Neal, 1997), which can approximate posterior averages with arbi-
trary accuracy when enough computer time is invested. On the other hand,
for some toy models with high dimensional input spaces, it should be possible
to derive exact Bayesian learning curves by the replica method of statistical
mechanics against which our mean field methods can be tested (Opper &
Winther, 1996).

Computational complexity. The computational complexity of the TAP
mean field algorithm is O(N?), where N is number of training examples
since it requires the inversion of a N X N matrix. This makes the algorithm
impractical for data sets larger than a few thousands. The complexity of the
‘naive’ mean field algorithm—on the other hand-should not scale worse than
O(N?) since one iteration update only requires N inner products of N terms
and the iterative process is expected to converge in a finite number of steps.
However, its leave-one-out estimate still requires a matrix inversion which is
of O(N3). If instead the evidence framework is used-which is only O(N?)
(Csaté et. al., 1999) for this algorithm-naive mean field theory could be an
interesting alternative to SVMs also for larger datasets.

The similarity between the results of the mean field theory and the SVM
algorithm suggests further simplifications. In cases where SVMs lead to
sparse representations based on a small number of support vectors, the mean
field algorithms are expected to converge also to a small number of large
embedding strengths. Setting the remaining ones to zero and leaving the
corresponding examples out of the training set at an early stage of the iter-
ation may speed up the algorithm significantly.

Finally, one may think about hybrid approaches which combine the strengths
of both the SVM and the Bayesian approaches. One could, e.g. calculate
the embedding strengths directly from the SVM algorithm, hereby exploiting
the sparseness directly, but use a mean field approximation to the Bayesian
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evidence as a yardstick for estimating the hyperparameters in the kernel.

Extension to other data models It would be interesting to try to apply
our TAP approach for Gaussian process models to other types of likelihoods.
A natural choice would be the problem of classification with more than two
classes. A likelihood for this problem can be simply obtained from a softmaz
function, where each class has its own Gaussian process. Our TAP approach
requires the integration of such a likelihood over Gaussian distributions, a
task which unfortunately can no longer be done exactly. Hence, further
approximations for treating such (usually) low-dimensional integrations will
be necessary.
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A Input Noise

In this appendix, we discuss the inclusion of input noise within the probit
model and the modification of the mean field algorithms implied. We define
the input noise model as the addition of an independent random variables to
the activation function in the likelihood eq. (1):

p(t[h(x),£(x)) = O(t(h(x) + £(x))) - (39)

We will assume that the noise is Gaussian with zero mean and variance vy,
i.e. probit regression (Neal, 1997). With Gaussian noise, the original step
function likelihood will be modified to a sigmoidal shaped (error) function
with the gain given by the variance of the noise

pleh) = [ dentin. e = o ().

Alternatively, but completely equivalent, one may shift variables to a noisy
process h(x) + £(x). This process will also be Gaussian with a modified co-
variance matrix C;;+v96;;. The Likelihood (and the mean field equations) for
this process is therefore the same as for the noise-free case. The noise is sim-
ply included as the extra term in the covariance matrix. In the simulations
we will stick to the latter formulation. Importantly, the two formulations are
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equivalent for both TAP and ‘naive’ mean field theory, i.e. the Bayes predic-
tion and the leave-one-out estimate (h;)\; are the same in both formulations.®
Some the quantities in the theory are not invariant, e.g. (h;) in the original
process is equivalent to (h;) + vot;a; in the noisy process whereas others e.g.
o; remain unchanged.

B Covariance Functions

A thorough discussion of covariance functions and their properties is given
in Abrahamsen (1997). We have tested the following covariance functions

1. Simple Perceptron: C(x,x') = X% | wyzz) + .

2. Infinite Net: C(x,x') = vy2 ( 3, wiia, ) |
nfinite Ne (x,x') = vo arcsin N TS T + v

3. Gaussian: C(x,x') = vyexp (_% s wi(z — x;)Q) ¥ vy

4. Cauchy: C(x,x') = VO TYT, wll(mz—m;)2)5 + vy,

The first two are obtained from feed-forward neural network models which
converge to Gaussian processes. In both cases the prior on the weights and
thresholds is spherical Gaussian. The infinite net covariance function is ob-
tained from a two-layer network with linear output unit in the limit of infinite
number of hidden units with a sigmoidal (error function) activation function
given by g(x) = 2®(z) — 1 (Neal, 1996; Williams, 1997). The sign-activation
function g(x) = sgnz may also be treated in the infinite net limit and sim-
ply amounts to removing the terms of 1 in the denominator of the infinite
net covariance function. The Gaussian covariance function is a well known
example of an exponential covariance function. It may be obtained from
a radial basis network with an infinite number of hidden units (Williams,
1997). The Cauchy or rational quadratic covariance function is defined for
all § > 0 (Abrahamsen, 1997). In the simulations we have simply chosen to
work with § = 1.

Since the properties of the solution is independent of the scale of Gaussian
fields we may fix vy to say vy = 1. The length scale for input dimension [
is defined by 1/,/w;. Important inputs will be well-defined and thus be
associated with a relative short length scale and vice versa for unimportant
length scales. v; correpsonds to the variance of the output threshold. To
include the effect of Gaussian noise on the fields, a term v, is—as discussed
in Appendix A-added to the diagonal of the covariance matriz.

6Note that in a MAP approach (Williams & Barber, 1998) the two formulation are not
equivalent.
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C Second Moments A and )
In this appendix, we derive mean field expressions for the second moments

A= (P*(x)) — (h(x))?
i o= (b — (ha)s -

using a linear response method. We first derive A in some detail and there-
after indicate how to generalize this result to \;. By integrating by parts
using eq. (16), we find

() = Cx,x) + Y Clx, xk)ﬁ [ dhhp(h, 1) ho) - 0

Srp(h) . (40

To rewrite the last term so that we may apply a linear response argument, it
should be expressed as a derivative of a known quantity, in this case (h(x)).
This is achieved by introducing fields §& = &;,...,&v added to the random
activations h in the Likelihood term, taking the derivative wrt. this field and
setting & = 0 afterwards, i.e. %p(ﬂh) = %p(ﬂh + 5)‘520

A = CO(x,x) +Zka, )(9 < T /dhdhphh)h(x)p(t|h+£))‘£_
= C(X,X)-F;C(Xk, )agigj»‘g : (41)

where p(t|€) = [ dhp(h)p(t|h+€&). Note that moving the derivative to the left
of the normalization constant gives rise to an additional factor of —(h(x))?
compared to eq. (40).

To calculate the linear responses mg_g» within the Gaussian approxima-
tions of the TAP approach, we make a further approximation and assume
that by adding small fields we need only to consider the changes in the means
of the fields, but can neglect changes in the variances. Using eq. (17), we get

5(h(x)) = Y C(x. %100, (42)
J
We therefore have to solve for da; in terms of £. The shifts of the o; are
related to the shifts in the means of the fields via eq. (19)

0(hi) = & + D Cijtjday (43)
7

where the shift d«; is found from eq. (26):
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with A; defined by eq. (29). Substituting §(h;) into eq. (43) and solving for
day;, we finally arrive at eq. (27).

We can repeat the same steps to derive equations for A\;. The only dif-
ference is the fact that all posterior distributions must be replaced by the
corresponding posteriors where the ith pattern is absent. Analogous to eq.
(27), we find

N~ Ci— 3 Cy [(AV+CY)7!] i, (45)
sk o
where AV and CV denote the N — 1 x N — 1 reduced matrices where the
1th row and column are deleted. Here, we have assumed that the change in
A; is negligible when the ith pattern is removed (¢ # j). Using the following
identity for the partitioned inverse, see e.g. (Press, Teukolsky, Vetterling &
Flannery, 1992)
[A*l]iil =Ai— 3 Ay [(A\i)*l]jk Api | (46)
jk#i

the expression may be simplified to the final result eq. (28).

D Leave-One-Out from Linear Response

The subsequent derivation of an approximate leave-one-out (loo) estimator
is closely in spirit to other similar procedures which rely on first order ex-
pansions. These may be motivated by the assumption of small changes in
appropriate variables, when an example is removed from the training set.
See e.g. the work of Xiang & Wahba (1996) who develop an approximate
loo-estimator for smoothing splines. For applications to neural networks, see
eg. (Larsen & Hansen, 1996). For simplicity, we will use the equality (=) in
all expressions and expect that the reader will understand, which of them
are approximations.

Assume we remove example j from the training set and the algorithm is
retrained on the remaining ones, then the mean of the fields of the remaining
inputs are changed according to eq. (19)

(5<hz> = Z C’iktkéak — C’,-jtjaj . (47)
k#j

The general leave-one-out estimator is then simply

1 N
@00 = 77 >0 (—ti((hi) + 6{hi))) - (48)
i=1
with j set equal to ¢ in eq. (47).
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To make the following derivation as general as possible we will assume
that the algorithm produces embedding strengths a; which are found as the
solution of an equation o; = f((h;), ;). Examples are egs. (23) and (35)
for respectively TAP and naive mean field theory. There may be further
dependencies on other quantities as well, but we will assume that their re-
sponse to the change of (h;) or «; is negligible. The change d(h;) can be
expressed by da; assuming that all changes are small within linear response
doy; = ﬁ,%é(h»—ka%(mi, where we analogous to eq. (44) get §(h;) = —Q;t;0c;
with the definition 5

1
22\ O
A(hi) !

Hence, we may solve for day

tk(SO!k = Z ([Q\] + C\j]_1>k. Cijtj(l’j . (50)
i#j ¢

Finally, in order to find §(h;) when example ¢ itself is removed from the
training set, we set j = i in eq. (47) with day from eq. (50). Using the
matrix identity eq. (46), we get

1

§(hi) = — {W - Q} ticy; . (51)

To make a self-consistent check for TAP mean field theory, we note that 6(h;)
should be equal to (h;)\; — (hi) = —Ait;;. This is indeed found to be the
case: compare with A eq. (28) where ; eq. (49) is identified with A; eq. (29).

E Support Vector Machines

In this appendix, we consider the SVM limit of the TAP mean field equations.
TAP equations for SVM learning in the simple perceptron for spherical input
distribution and large input dimensionality have previously been derived by
(Wong, 1995). We firstly re-derive the Kuhn—Tucker condition from the TAP
equations and secondly show that the leave-one-out (loo) estimator becomes
especially simple in this limit.

We can show self-consistently that the limit § — oo in eq. (36) is equiva-
lent to sending the variances A; — 0 in the TAP approach. Having the factor
[ in the prior is the same as rescaling the covariance matrix by a factor of
1/, thus eq. (19) becomes

<h,z> = ZC’ijtjo?j .
J
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where we have introduced the rescaled (and finite) embedding strength &; =
«; /(3. Using the asymptotic expression the error function

D

@((j)) — —20(z) for |z|] = o0
in eq. (23) (with an extra factor minus 1 for the margin), we obtain &@; =
1—%(/\}?)\1-@(1 — ti(hi)\i)- Inserting this back into eq. (26), we get t;(h;) =

L+ (ti(hi)\i — 1)O(ti{hi)\s — 1). Putting the expressions for &; and #;(h;)
together, we arrive at the Kuhn—Tucker condition eq. (37).

For the loo-estimator eq. (32), we need to compute the cavity average of
the activation (h;)\;. When ¢;(h;)\; > 1, we see immediately that ¢;(h;) =
ti(hi)\i > 1 so non-support vectors do not contribute to the loo error. We
need only to consider support vectors for which #;(h;) = 1 and thus #;(h;)\; =
1 — \;B8a;. We therefore have to determine \;3 which is done by taking the
A; — 0 limit in the expressions for A; eq. (29) and thereafter in the expression
for \; eq. (28) giving

SV

%’i for tz<h,>\z >1,

where Cgy denotes the covariance matrix for the support vector examples.
The result for \; proves our self-consistent assumption: \; — 0 for f — oc.
Finally, inserting the result for ¢;(h;)\; in eq. (32) gives the loo-estimator for
SVMs eq. (38).
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